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Abstract
In this paper, we will prove a new, scale critical regularity criterion for solutions of the
Navier–Stokes equation that are sufficiently close to being eigenfunctions of the Laplacian. This
estimate improves previous regularity criteria requiring control on the H˙α norm of u, with
2 ≤ α < 5
2
, to a regularity criterion requiring control on the H˙α norm multiplied by the 1 minus
the deficit in the interpolation inequality for the embedding of H˙α−2 ∩ H˙α →֒ H˙α−1. This
regularity criterion suggests, at least heuristically, the possibility of some relationship between
potential blowup solutions of the Navier–Stokes equation and the Kolmogorov 5
3
law in the
theory of turbulence. The results are all proven on the whole space, R3, but also hold on the
torus, T3, with entirely equivalent proofs.
1 Introduction
The Navier–Stokes equation is one of the fundamental equations of fluid mechanics. For an incom-
pressible fluid, where the density of the fluid in question is constant, the Navier–Stokes equation
with no external forces is given by
∂tu−∆u+ Pdf ((u · ∇)u) = 0, (1.1)
∇ · u = 0, (1.2)
where u ∈ R3 is the velocity of the fluid and Pdf is the projection onto the space of divergence free
vector fields. We have also taken the viscosity to be 1, which we can do without loss of generality,
because it is equivalent up to rescaling. In his foundational paper on the subject, Leray proved the
global existence of weak solutions to the Navier–Stokes equation satisfying an energy inequality [12];
however, such solutions are not known to be either smooth or unique. This is because the bounds
from the energy inequality, or energy equality in the case of smooth solutions, is supercritical with
respect to scaling. Smooth solutions of the Navier–Stokes equation with initial data in H1 must
satisfy an energy equality, stating that for all t > 0,
1
2
‖u(·, t)‖2L2 +
∫ t
0
‖∇u(·, τ)‖2L2 dτ =
1
2
∥∥u0∥∥2
L2
. (1.3)
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The Navier–Stokes equation is also invariant under the rescaling,
uλ(x, t) = λu
(
λx, λ2t
)
, (1.4)
for all λ > 0. It is a simple calculation to check that the bounds on u in L∞t L
2
x and L
2
t H˙
1
x from the
energy equality (1.3) are supercritical with respect to the rescaling (1.4).
In order to guarantee regularity for a solution of the Navier–Stokes equation it is necessary to
have control on some scale critical quantity. Ladyzhenskaya [11], Prodi [14], and Serrin [15], proved
that if a smooth solution of the Navier–Stokes equation blows up in finite time Tmax < +∞, then
for all 3 < q ≤ +∞, 2
p
+ 3
q
= 1, ∫ Tmax
0
‖u(·, t)‖pLq dt = +∞. (1.5)
It is straightforward to check that LptL
q
x is scale critical with respect to the rescaling (1.4), when
2
p
+ 3
q
= 1. This result was then extended in by Escauriaza, Seregin, and Sˇvera´k [6] to the endpoint
case p = +∞, q = 3. They proved that if a smooth solution u of the Navier-Stokes equation blows
up in finite time Tmax < +∞, then
lim sup
t→Tmax
‖u(·, t)‖L3(R3) = +∞. (1.6)
There have been a number of generalizations of the Ladyzhenskaya-Prodi-Serrin regularity crite-
rion, including scale critical component reduction results involving the vorticity [2], two components
of the vorticity [3], the derivative in just one direction, ∂u
∂xi
[10], and involving only one compo-
nent, uj [4,5]. The Ladyzhenskaya-Prodi-Serrin regularity criterion has also been generalized to all
non-endpoint Besov spaces [1, 8].
In this paper, we will generalize the Ladyzhenskaya-Prodi-Serrin regularity criterion to solutions
of the Navier–Stokes equation that are close to being eigenfunctions of the Laplacian. One tool we
will use is the notion of mild solutions, which was developed by Kato and Fujita [7].
Definition 1.1. Suppose u ∈ C
(
[0, T ]; H˙1
(
R
3
))
,∇ · u = 0. Then u is a mild solution to the
Navier–Stokes equation if
u(·, t) = et∆u0 +
∫ t
0
e(t−τ)∆Pdf (−(u · ∇)u) (·, τ) dτ, (1.7)
where et∆ is the heat semi-group operator given by convolution with the heat kernel; that is to say,
et∆u0 is the solution of the heat equation after time t, with initial data u0.
Fujita and Kato proved the local existence in time of mild solutions for all initial data in
H˙1
(
R
3
)
. Our results for solutions of the Navier–Stokes equation sufficiently close to being eigen-
functions of the Laplacian will be proven in terms of H1 mild solutions. We will also define, for all
α > −32 , the homogeneous Hilbert space H˙
α
(
R
3
)
as the Hilbert space with the norm
‖f‖2
H˙α
=
∥∥∥(−∆)α2 f∥∥∥2
L2
(1.8)
=
∫
R3
(2π|ξ|)2α
∣∣fˆ(ξ)∣∣2 dξ, (1.9)
and the inhomogeneous Hilbert space Hα
(
R
3
)
as the Hilbert space with the norm
‖f‖2
H˙α
=
∫
R3
(
1 + 4π2|ξ|2
)α ∣∣fˆ(ξ)∣∣2 dξ, (1.10)
2
while further noting that for all α > 0,
Hα = L2 ∩ H˙α. (1.11)
For solutions of the Navier–Stokes equation, we call 12‖u(·, t)‖
2
L2
the energy and 12‖u(·, t)‖
2
H˙1
the
enstrophy. With mild solutions and the relevant Hilbert spaces defined, we can now state the main
theorem of this paper.
Theorem 1.2. Suppose u ∈ C
(
[0, Tmax) ;H
1
)
is a mild solution of the Navier–Stokes equation,
and suppose 65 < q ≤ 3,
2
p
+ 3
q
= 3. Then for all 0 < t < Tmax
‖∇u(·, t)‖2L2 ≤
∥∥∇u0∥∥2
L2
exp
(
Cq
∫ t
0
inf
λ(τ)∈R3
‖ −∆u− λu‖pLq dτ
)
, (1.12)
where Cq > 0 depends only on q. In particular, if Tmax < +∞ then∫ Tmax
0
inf
λ(t)∈R3
‖ −∆u− λu‖pLq dt = +∞. (1.13)
An eigenfunction of the Laplacian satisfies the equation,
−∆u− λu = 0. (1.14)
There are no nonzero eigenfunctions of the Laplacian in H1
(
R
3
)
, because if −∆u = λu, that would
require the Fourier transform to be supported on a set of measure zero, specifically the set{
ξ ∈ R3 : 4π2|ξ|2 = λ
}
; (1.15)
however, the quantity ∫ t
0
inf
λ(τ)∈R3
‖ −∆u− λu‖pLq dτ (1.16)
is nonetheless a scale critical measure of how close a solution is to being an eigenfunction of the
Laplacian. This quantity is scale invariant because this infimum scales the same way as −∆u, the
quantity with no parameter in the infimum, and we can see from the scale invariance (1.4), that
−∆u has the scale invariance
−∆uλ(x, t) = −λ3∆u
(
λx, λ2t
)
. (1.17)
It is a simple calculation to observe that when 2
p
+ 3
q
= 3, the space LptL
q
x is invariant under this
rescaling.
We do not have a nice expression for the quantity
inf
λ∈R3
‖ −∆u− λu‖Lq , (1.18)
in general Lq spaces, however in L2 we can use the Hilbert space structure to calculate this quantity
explicitly, which allows us to obtain the following result.
Corollary 1.3. Suppose u ∈ C
(
[0, Tmax) ;H
1
)
is a mild solution of the Navier–Stokes equation.
Then for all 0 < t < Tmax
‖∇u(·, t)‖2L2 ≤
∥∥∇u0∥∥2
L2
exp

C2
∫ t
0
‖ −∆u‖
4
3
L2
(
1−
‖∇u‖4
L2
‖u‖2
L2
‖ −∆u‖2
L2
) 2
3
dτ

 , (1.19)
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where C2 > 0 is taken as in Theorem 1.2. In particular, if Tmax < +∞ then∫ Tmax
0
‖ −∆u‖
4
3
L2
(
1−
‖∇u‖4
L2
‖u‖2
L2
‖ −∆u‖2
L2
) 2
3
dt = +∞. (1.20)
More generally, we can use the Sobolev embedding of H˙β →֒ Lq to generalize Corollary 1.3 in
terms of homogeneous Hilbert spaces.
Corollary 1.4. Suppose u ∈ C
(
[0, Tmax) ;H
1
)
is a mild solutions of the Navier–Stokes equation,
and suppose 2 ≤ α ≤ 52 , α =
1
2 +
2
p
. Then for all 0 < t < Tmax
‖∇u(·, t)‖2L2 ≤
∥∥∇u0∥∥2
L2
exp

C˜α
∫ t
0
‖u‖p
H˙α
(
1−
‖u‖4
H˙α−1
‖u‖2
H˙α−2
‖u‖2
H˙α
) p
2
dτ

 , (1.21)
where C˜α > 0 depends only on α. In particular, if Tmax < +∞ then
∫ Tmax
0
‖u‖p
H˙α
(
1−
‖u‖4
H˙α−1
‖u‖2
H˙α−2
‖u‖2
H˙α
) p
2
dt = +∞. (1.22)
Note that the scaling relation between α and p can alternatively be expressed by
p =
2
α− 12
(1.23)
We will note here that the α = 2 case of Corollary 1.4, is precisely Corollary 1.3. For 2 < α ≤ 52 ,
Corollary 1.4 requires that we use the fractional Sobolev inequality to bound the infimum in Lq by
an infimum in the appropriate homogeneous Hilbert space, which can be calculated explicitly. We
will show that
inf
λ∈R3
‖ −∆u− λu‖2Lq ≤ C inf
λ∈R3
‖ −∆u− λu‖2
H˙α−2
(1.24)
= C‖u‖2
H˙α
(
1−
‖u‖4
H˙α−1
‖u‖2
H˙α−2
‖u‖2
H˙α
)
, (1.25)
where α− 2 = 32 −
3
q
We will also note that without the term
(
1−
‖u‖4
H˙α−1
‖u‖2
H˙α−1
‖u‖2
H˙α−1
) p
2
, Corollary 1.4 is an immediate
corollary of the Beale-Kato-Majda regularity criterion. Corollary 1.4 shows that our regularity
criterion for solutions of the Navier–Stokes equation sufficiently close to being eigenfunctions of the
Laplacian measures the deficit in the interpolation inequality for the embedding
H˙α−2 ∩ H˙α →֒ H˙α−1, (1.26)
which states that
‖f‖2
H˙α−1
≤ ‖f‖H˙α‖f‖H˙α−2 , (1.27)
where the constant 1 is sharp but not attained, because there are no nonzero eigenfunctions of the
Laplacian in H˙α−1
(
R
3
)
. When the inequality (1.27) is close to being saturated, then the quantity(
1−
‖u‖4
H˙α−1
‖u‖2
H˙α−2
‖u‖2
H˙α
) p
2
(1.28)
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in the regularity criterion in Corollary 1.4 will be small. We will discuss this further in Section 2,
after we prove the main results.
The regularity criteria in Theorem 1.2, Corollary 1.3, and Corollary 1.4 are also related to the
Kolmogorov 53 law for turbulence. Kolmogorov showed in [9] that turbulent fluid structures should
have no preferred direction at very small length scales and also should not localize around a small
number of frequencies, but should have an energy spectrum with decay in Fourier space on the
order of |ξ|−
5
3 . This means that the Fourier transform of a turbulent flow cannot be supported on
narrow bands in Fourier space, that the support of the Fourier transform should be ubiquitous in
R
3 for turbulent flows. Corollary 1.4 shows that solutions supported on narrow bands in Fourier
space are not good candidates for finite-time blowup, suggesting that any smooth solutions of the
Navier–Stokes equation that blow up in finite-time must share some of the heuristic properties of
the Kolmogorov phenomenological theory of turbulence. In section 2, we will prove a proposition
that quantifies this heuristic relationship somewhat, after proving Theorem 1.2, Corollary 1.3, and
Corollary 1.4.
2 Proofs of results
Before beginning the proof of the main theorem, we will first need to establish an identity for the
growth of enstrophy related to eigenfunctions of the Laplacian.
Lemma 2.1. Suppose u ∈ C
(
[0, Tmax) ;H
1
)
is a mild solution of the Navier–Stokes equation.
Then for all 0 < t < Tmax, and for all λ(t) ∈ R
∂t
1
2
‖∇u(·, t)‖2L2 = −‖∆u‖
2
L2 − 〈−∆u− λu, (u · ∇)u〉 . (2.1)
Proof. It is easy to see from the Navier–Stokes equation that
∂t
1
2
‖∇u(·, t)‖2L2 = 〈−∆u, ∂tu〉 (2.2)
= −‖ −∆u‖2L2 − 〈−∆u, (u · ∇)u〉 . (2.3)
We know that u ∈ H1, and therefore we have sufficient regularity to integrate by parts, using the
divergence free condition that ∇ · u = 0, to conclude
〈(u · ∇)u, u〉 = −〈u, (u · ∇)u〉 (2.4)
= 0. (2.5)
Because we know that for all λ ∈ R
〈λu, (u · ∇)u〉 = 0, (2.6)
we can conclude that
∂t
1
2
‖∇u(·, t)‖2L2 = −‖∆u‖
2
L2 − 〈−∆u− λu, (u · ∇)u〉 . (2.7)
This completes the proof.
One of the other main ingredients in our proof will be the fractional Sobolev inequality, which
is stated below.
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Theorem 2.2. Suppose 0 < s < 32 , and
1
q
= 12 −
s
3 . Then for all f ∈ H˙
s
(
R
3
)
,
‖f‖Lq ≤ Cs‖f‖H˙s , (2.8)
where
Cs = 2
− s
3π−
4
3
s
(
Γ
(
3
2 − s
)
Γ
(
3
2 + s
)
) 1
2
(2.9)
Note that the scaling relation between the parameters q and s can be stated equivalently as
s =
3
2
−
3
q
. (2.10)
The Sobolev inequality was first proven by Sobolev [16] in the case where s = 1, and the sharp
version of this inequality was proven by Talenti [17] in the case where s = 1. The general sharp
version of this inequality with 0 < s < 32 was proven by Lieb [13].
We will now prove Theroem 1.2, which is restated here for the reader’s convenience.
Theorem 2.3. Suppose u ∈ C
(
[0, Tmax) ;H
1
)
is a mild solution of the Navier–Stokes equation,
and suppose 65 < q ≤ 3,
2
p
+ 3
q
= 3. Then for all 0 < t < Tmax
‖∇u(·, t)‖2L2 ≤
∥∥∇u0∥∥2
L2
exp
(
Cq
∫ t
0
inf
λ(τ)∈R3
‖ −∆u− λu‖pLq dτ
)
, (2.11)
where Cq > 0 depends only on q. In particular, if Tmax < +∞ then∫ Tmax
0
inf
λ(t)∈R3
‖ −∆u− λu‖pLq dt = +∞. (2.12)
Proof. We know that if Tmax < +∞, then
lim
t→Tmax
‖∇u(·, t)‖L2 = +∞, (2.13)
so it suffices to prove the bound (2.11). We will not keep track of the value of the constants Cq.
It is possible to compute the value of the constant Cq explicitly in terms of the sharp fractional
Sobolev inequality in Theorem 2.2, but we will not concern ourselves with long expressions for the
value of the constant that would only clutter up this paper without adding any real mathematical
insight.
First we will consider the case when q = 3, p = 1. Using the identity for enstrophy growth in
Proposition 2.1, and applying Ho¨lder’s inequality and the Sobolev inequality, we find that for all
0 < t < Tmax, and for all λ(t) ∈ R,
∂t
1
2
‖∇u(·, t)‖2L2 = −‖∆u‖
2
L2 − 〈−∆u− λu, (u · ∇)u〉 (2.14)
≤ ‖ −∆u− λu‖L3‖u‖L6‖∇u‖L2 (2.15)
≤ C‖ −∆u− λu‖L3‖∇u‖
2
L2 . (2.16)
Multiplying both sides by 2 and taking the infimum over λ ∈ R, we find that
∂t‖∇u(·, t)‖
2
L2 ≤ C3 inf
λ(t)∈R
‖ −∆u− λu‖L3‖∇u‖
2
L2 . (2.17)
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Applying Gro¨nwall’s inequality we find that
‖∇u(·, t)‖2L2 ≤
∥∥∇u0∥∥2
L2
exp
(
C3
∫ t
0
inf
λ(τ)∈R3
‖ −∆u− λu‖L3 dτ
)
, (2.18)
and we are done with the case where q = 3.
Now we will consider the case 65 < q < 3. First we will take 6 < a < +∞ to be given by
1
a
=
5
18
−
1
3q
, (2.19)
and 2 < b < 6 to be given by
1
b
=
13
18
−
2
3q
. (2.20)
Note that
1
a
+
1
b
+
1
q
= 1. (2.21)
so again using the identity for enstrophy growth from Lemma 2.1, Ho¨lder’s inequality, and the
fractional Sobolev inequality, we find that for all 0 < t < Tmax and for all λ(t) ∈ R,
∂t
1
2
‖∇u(·, t)‖2L2 = −‖∆u‖
2
L2 − 〈−∆u− λu, (u · ∇)u〉 (2.22)
≤ −‖∆u‖2L2 + ‖∆u− λu‖Lq‖u‖La‖∇u‖Lb (2.23)
≤ −‖∆u‖2L2 + C‖∆u− λu‖Lq‖u‖H˙1+α‖∇u‖H˙β (2.24)
= −‖∆u‖2L2 + C‖∆u− λu‖Lq‖∇u‖H˙α‖∇u‖H˙β , (2.25)
where
α =
1
2
−
3
a
, (2.26)
and
β =
3
2
−
3
b
. (2.27)
Plugging back into (2.19) and (2.20), we find that
α =
1
q
−
1
3
, (2.28)
and
β =
2
q
−
2
3
. (2.29)
It is straightforward to see that 0 < α < 12 and 0 < β < 1, so we can interpolate between L
2 and
H˙1 to find that
∂t
1
2
‖∇u(·, t)‖2L2 ≤ −‖∆u‖
2
L2 + C‖∆u− λu‖Lq‖∇u‖
1−α
L2
‖∇u‖α
H˙1
‖∇u‖1−β
L2
‖∇u‖β
H˙1
(2.30)
= −‖∆u‖2L2 + C‖∆u− λu‖Lq‖∇u‖
2−(α+β)
L2
‖∇u‖α+β
H˙1
(2.31)
= −‖∆u‖2L2 + C‖∆u− λu‖Lq‖∇u‖
2−(α+β)
L2
‖ −∆u‖α+β
L2
(2.32)
= −‖∆u‖2L2 + C‖∆u− λu‖Lq‖∇u‖
3− 3
q
L2
‖ −∆u‖
3
q
−1
L2
, (2.33)
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where we have used the fact that α+β = 3
q
−1. Recalling that 2
p
= 3− 3
q
, we can see that 65 < q < 3
implies that 1 < p < 4. Take 43 < r < +∞ to be the conjugate of p.
1
p
+
1
r
= 1. (2.34)
Observe that
2
r
= 2−
2
p
(2.35)
=
3
q
− 1. (2.36)
Using this to simplify and applying Young’s inequality with exponents r and p, we find that
∂t
1
2
‖∇u(·, t)‖2L2 ≤ −‖∆u‖
2
L2 + C‖ −∆u‖
2
r
L2
‖∆u− λu‖Lq‖∇u‖
2
p
L2
(2.37)
≤ C‖∆u− λu‖pLq‖∇u‖
2
L2 (2.38)
Multiplying both sides by 2 and taking the infimum over λ(t) ∈ R, we find that
∂t‖∇u(·, t)‖
2
L2 ≤ Cq inf
λ(t)∈R
‖∆u− λu‖pLq‖∇u‖
2
L2 (2.39)
Applying Gro¨nwall’s inequality we find that for all 0 < t < Tmax
‖∇u(·, t)‖2L2 ≤
∥∥∇u0∥∥2
L2
exp
(
Cq
∫ t
0
inf
λ(τ)∈R3
‖ −∆u− λu‖pLq dτ
)
. (2.40)
This completes the proof.
For general 65 < q ≤ 3 we cannot compute
inf
λ(τ)∈R3
‖ −∆u− λu‖Lq (2.41)
explicitly, but in the special case where q = 2, we can compute this infimum explicitly by making
use of the Hilbert space structure.
Proposition 2.4. For all u ∈ H2
(
R
3
)
, u not identically zero,
inf
λ∈R3
‖ −∆u− λu‖2L2 = ‖ −∆u‖
2
L2
(
1−
‖∇u‖4
L2
‖u‖2
L2
‖ −∆u‖2
L2
)
(2.42)
Proof. Fix u ∈ H2. Define f : R→ R, by
f(λ) = ‖ −∆u− λu‖2L2 (2.43)
= ‖ −∆u‖2L2 − 2 〈−∆u, u〉λ+ ‖u‖
2
L2λ
2 (2.44)
= ‖ −∆u‖2L2 − 2‖∇u‖
2
L2λ+ ‖u‖
2
L2λ
2 (2.45)
Taking the derivative of f we find that
f ′(λ) = −2‖∇u‖2L2 + 2‖u‖
2
L2λ. (2.46)
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Let λ0 =
‖∇u‖2
L2
‖u‖2
L2
. It is easy to see that for all λ < λ0, f
′(λ0) < 0, for all λ > λ0, f
′(λ0) > 0, and
f ′(λ0) = 0, so we can conclude that f has a global minimum at λ0. Therefore we can compute that
inf
λ∈R3
‖ −∆u− λu‖2L2 = inf
λ∈R3
f(λ) (2.47)
= f(λ0) (2.48)
= ‖ −∆u‖2L2 −
‖∇u‖4
L2
‖u‖2
L2
(2.49)
= ‖ −∆u‖2L2
(
1−
‖∇u‖4
L2
‖u‖2
L2
‖ −∆u‖2
L2
)
. (2.50)
This completes the proof.
Using this identity for the infimum in the case where q = 2, we will now prove Corollary 1.3,
which is restated here for the reader’s convenience.
Corollary 2.5. Suppose u ∈ C
(
[0, Tmax) ;H
1
)
is a mild solution of the Navier–Stokes equation.
Then for all 0 < t < Tmax
‖∇u(·, t)‖2L2 ≤
∥∥∇u0∥∥2
L2
exp

C2
∫ t
0
‖ −∆u‖
4
3
L2
(
1−
‖∇u‖4
L2
‖u‖2
L2
‖ −∆u‖2
L2
) 2
3
dτ

 , (2.51)
where C2 > 0 is taken as in Theorem 2.3. In particular, if Tmax < +∞ then
∫ Tmax
0
‖ −∆u‖
4
3
L2
(
1−
‖∇u‖4
L2
‖u‖2
L2
‖ −∆u‖2
L2
) 2
3
dt = +∞. (2.52)
Proof. We will begin by observing that when q = 2, p = 43 , then
2
p
+
3
q
= 3. (2.53)
Next we know from Proposition 2.4, that
inf
λ∈R3
‖ −∆u− λu‖2L2 = ‖ −∆u‖
2
L2
(
1−
‖∇u‖4
L2
‖u‖2
L2
‖ −∆u‖2
L2
)
. (2.54)
Taking both sides of the equation to the 23 power, we find that
inf
λ∈R3
‖ −∆u− λu‖
4
3
L2
= ‖ −∆u‖
4
3
L2
(
1−
‖∇u‖4
L2
‖u‖2
L2
‖ −∆u‖2
L2
) 2
3
, (2.55)
and then the result follows as an immediate corollary of Theorem 2.3.
Now, we will note that while we cannot explicitly compute the infimum in Theorem 2.3, for
2 < q < 3, we can compute this infimum in the Hilbert space H˙β →֒ Lq, using the inner product
structure, and this will give us an explicit, scale-critical regularity criterion, albeit one requiring a
higher degree of regularity.
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Proposition 2.6. Suppose 0 ≤ β < 32 . For all u ∈ H˙
β
(
R
3
)
∩ H˙2+β
(
R
3
)
, u not identically zero,
inf
λ∈R3
‖ −∆u− λu‖2
H˙β
= ‖u‖2
H˙2+β
(
1−
‖u‖4
H1+β
‖u‖2
H˙β
‖u‖2
H˙2+β
)
. (2.56)
Proof. Fix 0 ≤ β < 32 , and u ∈ H˙
β
(
R
3
)
∩H2+β
(
R
3
)
. Define f : R→ R, by
f(λ) = ‖ −∆u− λu‖2
H˙β
(2.57)
= ‖ −∆u‖2
H˙β
− 2 〈−∆u, u〉H˙β λ+ ‖u‖
2
H˙β
λ2 (2.58)
= ‖u‖2
H˙2+β
− 2‖u‖2
H˙1+β
λ+ ‖u‖2
H˙β
λ2 (2.59)
Taking the derivative of f we find that
f ′(λ) = −2‖u‖2
H˙1+β
+ 2‖u‖2
H˙β
λ (2.60)
Let λ0 =
‖u‖2
H˙1+β
‖u‖2
H˙β
. It is easy to see that for all λ < λ0, f
′(λ0) < 0, for all λ > λ0, f
′(λ0) > 0, and
f ′(λ0) = 0, so we can conclude that f has a global minimum at λ0. Therefore we can compute that
inf
λ∈R3
‖ −∆u− λu‖2
H˙β
= inf
λ∈R3
f(λ) (2.61)
= f(λ0) (2.62)
= ‖u‖2
H˙2+β
−
‖u‖4
H˙1+β
‖u‖2
H˙β
(2.63)
= ‖u‖2
H˙2+β
(
1−
‖u‖4
H˙1+β
‖u‖2
H˙β
‖u‖2
H˙2+β
)
. (2.64)
This completes the proof.
Using Proposition 2.6, and the Sobolev inequality corresponding to the embedding H˙β →֒ Lq,
we will now prove Corollary 1.4, which is restated here for the reader’s convenience.
Corollary 2.7. Suppose u ∈ C
(
[0, Tmax) ;H
1
)
is a mild solutions of the Navier–Stokes equation,
and suppose 2 ≤ α ≤ 52 , α =
1
2 +
2
p
. Then for all 0 < t < Tmax
‖∇u(·, t)‖2L2 ≤
∥∥∇u0∥∥2
L2
exp

C˜α
∫ t
0
‖u‖p
H˙α
(
1−
‖u‖4
H˙α−1
‖u‖2
H˙α−2
‖u‖2
H˙α
) p
2
dτ

 , (2.65)
where C˜α > 0 depends only on α. In particular, if Tmax < +∞ then
∫ Tmax
0
‖u‖p
H˙α
(
1−
‖u‖4
H˙α−1
‖u‖2
H˙α−2
‖u‖2
H˙α
) p
2
dt = +∞. (2.66)
Note that the scaling relation between α and p can alternatively be expressed by
p =
2
α− 12
(2.67)
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Proof. In the case where α = 2, this is precisely the same statement as Corollary 2.5, so fix
2 < α ≤ 52 . Let β = α−2, so we have 0 < β ≤
1
2 . Let
1
q
= 12 −
β
3 , so we have the Sobolev embedding
H˙β
(
R
3
)
→֒ Lq
(
R
3
)
. Then we can see that
3
q
=
3
2
− β (2.68)
=
7
2
− α. (2.69)
Likewise we know that
2
p
= α−
1
2
, (2.70)
so we can conclude that
2
p
+
3
q
= 3. (2.71)
We know from the Sobolev inequality and from Proposition 2.6 that
inf
λ∈R3
‖ −∆u− λu‖2Lq ≤ C inf
λ∈R3
‖ −∆u− λu‖2
H˙β
(2.72)
= C‖u‖2
H˙2+β
(
1−
‖u‖4
H1+β
‖u‖2
H˙β
‖u‖2
H˙2+β
)
(2.73)
= ‖u‖2
H˙α
(
1−
‖u‖4
H˙α−1
‖u‖2
H˙α−2
‖u‖2
H˙α
)
(2.74)
Taking both sides of the equation to the power of p2 we find that
inf
λ∈R3
‖ −∆u− λu‖pLq ≤ C‖u‖
p
H˙α
(
1−
‖u‖4
H˙α−1
‖u‖2
H˙α−2
‖u‖2
H˙α
) p
2
, (2.75)
and we have already shown that 2
p
+ 3
q
= 3, so the result then follows as an immediate corollary of
Theorem 2.3.
We mentioned in the introduction that without the term
(
1−
‖u‖4
H˙α−1
‖u‖2
H˙α−1
‖u‖2
H˙α−1
) p
2
, Corollary
1.4 is an immediate corollary of the Beale-Kato-Majda regularity criterion. This is because the
Beale-Kato-Majda criterion states that if Tmax < +∞, and we have
2
p
+ 3
q
= 2, 32 < q ≤ +∞, then∫ Tmax
0
‖ω‖pLq dt = +∞. (2.76)
This was proven in the endpoint case q = +∞ by Beale, Kato and Majda in [2] for both smooth
solutions of the Navier–Stokes and Euler equations. When 32 < q < 3, this criterion follows
immediately from the Ladyzhenskaya-Prodi-Serrin regularity criterion using Sobolev embedding,
and then it is simple to get the case 3 < q < +∞ by interpolation. This means that if Tmax < +∞,
then for all 1 ≤ α < 52 , α =
1
2 +
2
p
,∫ Tmax
0
‖u‖p
H˙α
dt =
∫ Tmax
0
‖ω‖p
H˙α−1
dt (2.77)
≥ C
∫ Tmax
0
‖ω‖pLq dt (2.78)
= +∞. (2.79)
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What is new in Corollary 2.7 is the term(
1−
‖u‖4
H˙α−1
‖u‖2
H˙α−2
‖u‖2
H˙α
) p
2
, (2.80)
which measures the deficit in the interpolation inequality for the embedding H˙α−2 ∩ H˙α →֒ H˙α−1,
stated below.
Proposition 2.8. For all α > 12 , we have the embedding H˙
α−2 ∩ H˙α →֒ H˙α−1, with for all
f ∈ H˙α−2 ∩ H˙α,
‖f‖2
H˙α−1
≤ ‖f‖H˙α−2‖f‖H˙α (2.81)
Proof. Fix f ∈ H˙α−2 ∩ H˙α. Using the fact that (−∆)
1
2 is self-adjoint, and applying Ho¨lder’s
inequality we find that
‖f‖2
H˙α−1
=
∥∥∥(−∆)α2− 12 f∥∥∥2
L2
(2.82)
=
〈
(−∆)
α
2
−1f, (−∆)
α
2 f
〉
(2.83)
≤
∥∥∥(−∆)α2−1f∥∥∥
L2
∥∥∥(−∆)α2 f∥∥∥
L2
(2.84)
= ‖f‖H˙α−2‖f‖H˙α . (2.85)
This completes the proof.
We will note that this interpolation inequality is related to eigenfunctions of the Laplacian
because the only inequality in this proof is Ho¨lder’s inequality in (2.84), which holds with equality
if
(−∆)
α
2 f = λ(−∆)
α
2
−1f, (2.86)
which in turn would imply that
−∆f = λf, (2.87)
and therefore that f is an eigenfunction of the Laplacian. This can happen on the torus when
working with f ∈ H˙α−1
(
T
3
)
, for example the function f(x) = sin(2πx1), is an eigenfunction of
the Laplacian in f ∈ H˙α−1
(
R
3
)
, with −∆f = 4π2f, but not on the whole space. Nonetheless,
the sharp constant in Proposition 2.8 is 1 for H˙α−2
(
R
3
)
∩ H˙α
(
R
3
)
, even though, because are no
eigenfunctions of the Laplacian in H˙α−2
(
R
3
)
∩ H˙α
(
R
3
)
, this constant is not attained. We will
prove this by considering functions whose Fourier transforms are supported on a narrow band in
R
3.
Proposition 2.9. Suppose u ∈ H˙α−2 ∩ H˙α, with u not identically zero, and
supp uˆ ⊂
{
ξ ∈ R3 : R1 ≤ |ξ| ≤ R2
}
. (2.88)
Then
‖u‖2
H˙α−1
‖u‖H˙α−2‖u‖H˙α
≥
R21
R22
. (2.89)
This condition can be stated equivalently as
1−
‖u‖4
H˙α−1
‖u‖2
H˙α−2
‖u‖2
H˙α
≤ 1−
R41
R42
. (2.90)
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Proof. First we will observe that
supp uˆ ⊂
{
ξ ∈ R3 : R1 ≤ |ξ| ≤ R2
}
(2.91)
implies that
‖u‖2
H˙α−1
=
∫
R3
(
4π2|ξ|2
)α−1
|uˆ(ξ)|2 dξ (2.92)
=
∫
R3
4π2|ξ|2
(
4π2|ξ|2
)α−2
|uˆ(ξ)|2 dξ (2.93)
≥ 4π2R21
∫
R3
(
4π2|ξ|2
)α−2
|uˆ(ξ)|2 dξ (2.94)
= 4π2R21‖u‖
2
H˙α−2
. (2.95)
Likewise, the condition on the support of uˆ (2.91) implies that
‖u‖2
H˙α
=
∫
R3
(
4π2|ξ|2
)α
|uˆ(ξ)|2 dξ (2.96)
=
∫
R3
16π4|ξ|4
(
4π2|ξ|2
)α−2
|uˆ(ξ)|2 dξ (2.97)
≤ 16π4R42
∫
R3
(
4π2|ξ|2
)α−2
|uˆ(ξ)|2 dξ (2.98)
= 16π4R42‖u‖
2
H˙α−2
(2.99)
Putting together (2.95) and (2.99) we find that
‖u‖4
H˙α−1
‖u‖2
H˙α−2
‖u‖2
H˙α
≥
16π4R41‖u‖
4
H˙α−2
16π4R42‖u‖
4
H˙α−2
(2.100)
=
R41
R42
. (2.101)
It then immediately follows that
‖u‖2
H˙α−1
‖u‖H˙α−2‖u‖H˙α
≥
R21
R22
, (2.102)
and
1−
‖u‖4
H˙α−1
‖u‖2
H˙α−2
‖u‖2
H˙α
≤ 1−
R41
R42
. (2.103)
This completes the proof.
Proposition 2.9 shows that the sharp constant for the interpolation inequality in Proposition
2.8 is in fact 1, and so the term (
1−
‖u‖4
H˙α−1
‖u‖2
H˙α−2
‖u‖2
H˙α
) p
2
(2.104)
does indeed measure the deficit in this interpolation inequality. Furthermore, Corollary 2.7 and
Proposition 2.9 show that finite-time blowup solutions cannot concentrate on arbitrarily narrow
bands in Fourier space, supported between an inner radius of R1 and an outer radius of R2, with
the ratio R1
R2
shrinking to 1 arbitrarily quickly as t→ Tmax. This suggests the support of the Fourier
transform should be ubiquitous in R3, which is consistent with the Kolmogorov scaling of the energy
spectrum of turbulence at least at the most heuristic level.
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